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The nonlinear Schrodinger equations with small dissipative perturbations are of current impor-
tance in modeling weakly nonlinear dispersive media with dissipation. In this paper, the Painlevé
formulation with symbolic computation is presented for one of those equations. An auto-Backlund
transformation and some exact solutions are explicitly constructed.
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The nonlinear Schrodinger equations with small
dissipative perturbations are powerful tools in model-
ing weakly nonlinear dispersive media with dissipa-
tion. For instance, they occur in plasma physics to
describe the interaction of the Langmuir and ion-
sound waves with small velocities, and in hydrody-
namics as a generalized Ginzburg-Landau equation
to study the instability of Couette-Taylor, Poiseuille
and plane-parallel flows [1-6]. In this paper, the
Painlevé analysis will be combined with symbolic
computation to analytically solve one of those equa-
tions, written as

iu+ (1 —iou, +(=2+iBulul> +iyu=0, (1)

where a, f and y are in general non-negative dissipa-
tion coefficients, while y <0 describes linear pumping,
as seen in [5].

We shall assume that

?#0, 2

since the special case « =0 of the nonsoliton problem
can be found in [7, 8], and the linear instability
threshold at y=0 has been addressed as well [6].

We re-write (1) as the coupled system

a>0 and

iu,+(1—io)u, +(—=2+ipu*v+iyu=0, ?3)
—iv,+ (1 +iv, +(=2—ifuv> —iyv=0, (4)
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where v=u* is the complex conjugate of u, so as to
remove the non-analytic nature of (1) and make it
amendable to the Painlevé expansion [9, 10]

un )= 9750 T uyx0 ¢ x0,

g

00,0 =$7000 T 000 (x0) (5)
j=
around a non-characteristic movable singular mani-
fold given by an analytic function ¢ =0, where the
functions u;(x, t) and v;(x, t) are also analytic, while ¢
and 5 could be real or complex numbers.

The leading-order analysis is done for

u~u0¢_5a D~v0¢‘ns (6)
by which (3) and (4) yield
e+n=2 (7
and
e+ DA —imugd2 +(—2+iP)udv, =0,
(®)
G+ D1 +i)vedp2 + (=2 —iPf)ugvd =0.
&)
When ¢ and 7 are both real, we get from (7), (8) and (9)
e=1, n=1, (10)
B=2a and uyv,= ¢2. (11)
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Equations (5) are then applied to (3) and (4) to get the recursion relations,

G—1D0—=2(1 —ix)dpZ +2(—2+ i) ugv, (—2+ip)uj u\ (U 12)
(—2-ip)o} (=106 =2 +i0)¢} +2(=2=iBugve/ \v;)  \V;/)’
where j>1, U;=Uj(d,uy,...,u;_y, 0y,...,0;_y) and V;=V;(d,uy,...,u;_1,01,...,0;_y).
It is seen that the resonances occur at j= —1, 0, 3 and 4, of which j= —1 and j=0 correspond to the fact that
¢, u, and v, are arbitrary. We write down the recursion relations one by one:
j =0: Equations (11), (13)
e 2(=2+iPugv, (=2+ipuy \[u,
TN (c2-iped 2(=2-iBugne)\v,
_ _iuod’r_z(l—ia)d’x“o.x_(l—i“)“od’xx) (14)
B i00¢1_2(1+ia)¢xvo‘x_(1+i“)v0¢xx '
5 2(=2+iPlugvy, (=2+ip)uj u,
T\ (—2-ipod 2(=2-ifuevo)\vs
a iuov,+(1-ia)uo‘,x+2(—2+iﬂ)u0u1vl+(——2+iﬁ)ufvo+iyu0) 15)
T\ —ivg, + (1 Fi0)vg 4+ 2(—2—iB)vou vy + (—2—if)viug—iyv,)
- 20 —ia)p2 +2(=2+iP) ugv, (=2+ipup (u3 _<U3> 16)
F=2 (—2—ip)u 201 +i0) ¢ +2(=2—iPugvy)\vs)  \ V)’
where
Up=iu; , +(1 —i0)u, o+ (=2+ifudv, +ivu +iuy g+ (1 —io)u, @y,
+2(=2+ifugu v, +2(—=2+iB)uuvo+2(1 —ia)pou, ., (17)

Vi=—iv,, +(1+i0)v, o +(=2—ip)viu, —iyv, —iva g+ (1 +i0)v,
+2(=2—iPfuyvgv, +2(—2—if)vyv,ug +2(1 + i) v, ., (18)

With u, =v,=0, (15) reduces to

i, + (1= 12 Uo i+ 2(= 2+ i Puguy vy + (=2 +i fui vo +i7tg _(0 (19)
—ivg, +(1+ix) vy +2(=2—if)vou, v, +(—2—iPf)viug—iyv, 0/

and the consistency conditions for Uy =0 and V;=0 are
iUy + (1 —iduy o +(=2+ipujv, +iyu; \ (0 20)
—iv, + (A +ig)v,  +(—2—ip)viu, —iyv,) \0)’

so that u; and v, become arbitrary. Clearly we are able ~ Equations (10), (11), (14), (19), (20) and (22) constitute
to obtain the consistent truncations of the Painlevé a set of the auto-Backlund transformation.

expansions by setting For simplicity we choose u; =v, =0, so that (20) is
u\ (0 e o satisfied automatically, while (14) and (19) reduce to
(u)‘_‘() or =2, @)y —2(1— i) beug . — (1 — id)ugd, =0, (23)

in which case ivgd,—2(1 +i0) P, 00, — (1 +id)vo ¢, =0, (24)
u(x, ) =g (x, 1) ¢~ 1 (x,1) + u, (x,1), ity + (1 —i) g xx +i7Uy =0, (25)

v(x,0) =vo(x,0) 1 (x,1) + v, (x,1). (22)  —ivg,+ (1 +ix)vg . —i70o=0. (26)
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We next concentrate ourselves on (10), (11) and
(23)—(26). Differentiating (11) gives rise to

Ug Uo ¢x
which is then combined with (23) and (24) to yield
3(1 +a?)
¢t = ¢xx' (28)

o

Substituting (28) into (23) and (24), we get after inte-
gration,
ug (x,1) = Z (1), (x, 1) 7322, (29)
Vo (x, 1) = P (1) P, (x, 1) T3, (30)

where Z(t) and ¥ (t) are the non-zero, differentiable,

complex functions of ¢t constrained by
EOY¥@)= (31)

because of (11).

9+ 8a?
4a(—y)

where A4 is an arbitrary, non-zero, complex number.

¢n)==+

42(=7) s
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Further, Eqns. (25), (26) and (28), lead to
. 34402 3
2743+ g b+ - $R =0,  (32)
o 20

a quadratic homogeneous PDE which is possessed
with the following type of solutions,

P(x,)=F @) e* >+ 2(1),

where % (t) and Z (t) are, non-zero, differentiable, com-
plex functions of ¢, while calculations show that

(33)

4oy

2_ _
9+ 8a%’

(34

which is only a real number in fact, or

(v)

M=+
9 + 8a?

(35)

Whether or not .# is real relies on the sign of y.
Substituting (29) and (33) into (25), and integrating it
with respect to ¢ yield

sonfn-nls-2)

9+ 8a?

(36)

1—3i/2a]'t}’

So in the above analysis we have used symbolic computation to obtain an auto-Bécklund transformation,
and the following sets of exact solutions to the nonlinear Schrédinger equation with small dissipative pertur-

bations,
<x( ) 1-3i/2a 4a(_.y) 3i
E(t)'[+ = ()] -exp|:i 2~<1 ) x]
ut (1) = 9+38 — 9+ 8a 2a ' (37)
: xu=v, ,
€ (1) exp[i 91382 x]+9(t)
4“(_?) 1+3i/2u. 4@(—'})) 3

. [i 9+ 82 (gm] e"p[i /91 82 <1+2a> x]
v*(x,t) = ) (38)

4da(=7y)
8o?

s(r)-{fg(z)-exp[i 5

x:l +9(x)}

where % (t) is given by (36), while Z(¢) and & (t) remain arbitrary.
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